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Abstract
There exists a bijection between the configuration space of a linear pentapod and all
points (u,v,w, px, py, pz)∈R6 located on the singular quadric Γ : u2+v2+w2 = 1, where
(u,v,w) determines the orientation of the linear platform and (px, py, pz) its position.
Then the set of all singular robot configurations is obtained by intersecting Γ with a
cubic hypersurface Σ in R6, which is only quadratic in the orientation variables and
position variables, respectively. This article investigates the restrictions to be imposed
on the design of this mechanism in order to obtain a reduction in degree. In detail
we study the cases where Σ is (1) linear in position variables, (2) linear in orientation
variables and (3) quadratic in total. The resulting designs of linear pentapods have the
advantage of considerably simplified computation of singularity-free spheres in the
configuration space. Finally we propose three kinematically redundant designs of linear
pentapods with a simple singularity surface.
Keywords: Linear pentapods, Singularity surface, Design, Singularity-free spheres
1. Introduction
A linear pentapod (cf. Fig. 1 ) is defined as a five degree-of-freedom (DOF) line-
body component of a Gough-Stewart platform consisting of a linear motion platform `
with five identical spherical-prismatic-spherical (SPS) legs, where the prismatic joints
are active and the rest are passive [1]. The pose of ` is uniquely determined by a position
vector p∈R3 and an orientation given by a unit-vector i∈R3. The coordinate vector m j
of the platform anchor point m j of the j-th leg is defined by the equation m j = p+ r ji
and the base anchor points M j of the j-th leg has coordinates M j = (x j,y j,z j)T for
j = 1, . . . ,5.
It turns out that this kind of manipulator is an interesting alternative to serial robots
handling axis-symmetric tools. Some fundamental industrial tasks such as 5-axis milling,
laser engraving and water jet cutting are counted as its applications in industry [2, 3].
Singularity analysis plays an important role in motion planning of parallel manipu-
lators. Special configurations referred to as kinematic singularities have always been
central in mechanism theory and robotics. Beside being an intellectually appealing
1E-mail address: rasoulzadeh@geometrie.tuwien.ac.at.
2E-mail address: nawratil@geometrie.tuwien.ac.at.
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`Figure 1: Sketch of a linear pentapod.
topic, the study of kinematic singularities provides an insight of major practical and
theoretical importance for the design, control, and application of robot manipulators.
In such singularities, the kinetostatic properties of a mechanism undergo sudden and
dramatic changes. This motivates the enormous practical value of a careful study and
thorough understanding of the phenomenon for the design and use of manipulators.
1.1. Review
The singularity analysis of linear pentapods has undergone an acceptable level of
investigations over the past few years. In the following we give an overview of the
obtained results:
From the line-geometric point of view (cf. [4]) a linear pentapod is in a singular
configuration if and only if the five carrier lines of the legs belong to a linear line
congruence [5]; i.e. the Plu¨cker coordinates of these lines are linearly dependent. From
this latter characterization the following algebraic one can be obtained (cf. [6]):
There exists a bijection between the configuration space of a linear pentapod and
all points (u,v,w, px, py, pz) ∈ R6 located on the singular quadric Γ : u2+ v2+w2 = 1,
where (u,v,w) determines the orientation of the linear platform ` and (px, py, pz) its
position. Then the set of all singular robot configurations is obtained as the intersection
of Γ with a cubic hypersurface Σ of R6, which can be written as Σ : det(S) = 0 with
S =

1 u v w px py pz
0 px py pz 0 0 0
0 0 0 0 u v w
r2 x2 y2 z2 r2x2 r2y2 r2z2
r3 x3 y3 z3 r3x3 r3y3 r3z3
r4 x4 y4 z4 r4x4 r4y4 r4z4
r5 x5 y5 z5 r5x5 r5y5 r5z5

(1)
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(according to [2]) under the assumption that x1 = y1 = z1 = r1 = 0. Note that this
assumption can always be made without loss of generality as the fixed/moving frame
can always be chosen in a way that the first base/platform anchor point is its origin.
Moreover, a rational parametrization of the singularity loci Γ∩Σ was given by the
authors in [6].
A singular configuration can also be characterized as a multiple solution of the
direct kinematics problem. In this context it should be mentioned that the forward
kinematics of a linear pentapod was solved for the first time in [7] under the assumption
of a planar base, and in [8] for the general case. If the direct kinematics problem has a
continuous solution, then the linear pentapod has a so-called self-motion. All designs of
linear pentapods possessing such motions are listed in [8]. A more detailed study of the
corresponding self-motions is performed in [9]. Moreover the last two cited papers also
contain extensive literature reviews on this topic.
A further well-studied field within the singularity analysis of linear pentapods are
designs, which are singular in any configuration. These so-called architecture singular
designs are completely classified in [8, Section 1.3], where also all relevant references
in this context are cited.
Finally it should be noted, that Borra`s and Thomas have studied how to move the
leg attachments in the base and the platform of 5-SPS linear pentapod without altering
the robot’s singularity locus (for a planar base see [10] and for a non-planar one see [2]).
1.2. Motivation and outline
Using a parallel manipulator with a simple singularity variety (with respect to the
position variables) was first proposed by Karger [11] for the case of Stewart-Gough
platforms3. This work was furthered in [12] and [13], where the necessary conditions
for the design of Stewart-Gough platforms with linear or quadratic singularity surface
with respect to positioning variables are determined.
It can easily be seen that the equation of the cubic hypersurface Σ is only quadratic
in position as well as in orientation variables. Therefore the intention here is to find
necessary conditions for the linear pentapods such that det(S) = 0 is:
• linear in position variables (cf. Section 2),
• linear in orientation variables (cf. Section 3),
• quadratic in total (cf. Section 4).
Clearly, due to the degree reduction it becomes easier to obtain closed form in-
formation about singular positions. But the main motivation for our research is the
computational simplification of singularity-free zones, for which the state of art is as
follows:
In [6] it is proven that for a generic linear pentapod, the computation of the max-
imal singularity-free zone in the position/orientation workspace (with respect to the
Euclidean/spherical metric) leads over to the solution of a polynomial of degree 6
3For Stewart-Gough platforms the singularity loci is in general cubic in the position variables.
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Figure 2: Given is the pose G (green) of the linear pentapod. Left: The closest singular configurations in
the position/orientation workspace are given by the pose P (yellow) and O (blue), respectively. Right: M
(red) is the closest singular pose under Euclidean motions of ` and N (yellow) is the closest singularity under
equiform motions of `.
and 8, respectively. The corresponding closest singular configurations in the posi-
tion/orientation workspace are illustrated in Fig. 2-left.
In contrast the determination of the closest singular pose (cf. Fig. 2-right) within the
complete configurations space (with respect to an object oriented metric) leads across
the solution of a polynomial of degree 80. Due to this high degree a computation in
real time is not possible. Our first idea to scope with this problem was to relax the
motion group from the Euclidean one to the group of equiform motions (similarity
transformations), which is equivalent to omitting the normalizing condition Γ. Doing
so, the degree drops to 28, which was demonstrated in the addendum of [14] and is
displayed in Fig. 2-right. As the obtained distance of the relaxed problem is less or
equal to the distance of the original problem, it can be used as the radius of a guaranteed
singularity-free hypersphere.
The designs computed in the Sections 2–4 imply a further degree reduction of the
polynomials associated with the problem of determining singularity-free zones. This
is demonstrated at the base of examples in Section 5. Finally, the paper is concluded
(cf. Section 6) by proposing three kinematically redundant linear pentapods with a
simplified singularity variety.
Before plunging into the computations behind the desired designs, clarifying the
used notations seems necessary.
1.3. Notation and preparatory work
The following notations are used in the rest of the paper:
• The compact notations X=(x2,x3,x4,x5)T , Y=(y2,y3,y4,y5)T , Z=(z2,z3,z4,z5)T
are introduced for the coordinates related to base anchor points.
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• The compact notation r = (r2,r3,r4,r5)T is used for the coordinates related to
platform anchor points.
• The component-wise product of two vectors is given as follows:
rX =

r2x2
r3x3
r4x4
r5x5
 , rY =

r2y2
r3y3
r4y4
r5y5
 , rZ =

r2z2
r3z3
r4z4
r5z5
 . (2)
• For the sake of simplicity in notation as well as interpretation, we use the bracket;
i.e.:
[A1,A2,A3,A4] = det(A1,A2,A3,A4) with Ai ∈ {r,X,Y,Z,rX,rY,rZ}. (3)
Furthermore, a proper definition for undesired designs or in another formidable
word the architectural singularity seems necessary.
Definition 1. An ”architectural singularity” refers to a robot design that is singular
in all of its configurations. A robot possessing an architectural singularity is called an
”architecturally singular manipulator”.
Equivalently a linear pentpod is an architecturally singular manipulator if for every
position and orientation, the matrix of Eq. (1) becomes rank deficient. By defining the
architecture matrix of linear pentapods, namely:
A =

r2 x2 y2 z2 r2x2 r2y2 r2z2
r3 x3 y3 z3 r3x3 r3y3 r3z3
r4 x4 y4 z4 r4x4 r4y4 r4z4
r5 x5 y5 z5 r5x5 r5y5 r5z5
 (4)
we can identify such singularities by considering the rank deficiency of this matrix.
Lemma 1. If the ”architecture matrix” is rank deficient then the linear pentapod is an
”architecturally singular manipulator”.
Proof. Trivially if Eq. (4) is rank deficient then the determinant of Eq. (1), which is the
singularity polynomial, vanishes.
Remark 1. It is noteworthy that this is a sufficient but not necessary condition as it is
well-known (cf. items (c) and (d) of Corollary 1 in [15]) that there exist the following
two4 exceptional cases:
? m1 = m2 = m3 and M4 = M5,
? m1 = m2 = m3 = m4,
which are illustrated in Fig. 3. 
4Up to renumbering of the platform and base anchor points.
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m1 = m2 = m3
m4
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M1
M2
M3
M4 = M5
m1 = m2 = m3 = m4
M1
M2
M3
M4 M5
m5
Figure 3: Illustrations of the counter examples for the necessity of the condition given in Lemma 1.
Since in computational kinematics most of the computations are of symbolic type,
and naturally expensive in the sense of time consumption, it will be highly favorable
if we are able to eliminate some extra symbols. The following lemma shows that it is
possible to alleviate the burden of extra symbols in computations to come:
Lemma 2. If the linear pentapod is not an architecturally singular then there exists a
triple of base points Mi, M j and Mk which form a triangle and mi 6= m j holds.
Proof. It is enough to show that there is a triangle where at least two of its corresponding
platform points are not coinciding. First we claim that a triangle in the base always
exists, as otherwise all five base points are collinear which yield a trivial architecture
singular design. Now, since not all the platform points can collapse into a single point (if
more than 3 platform anchor points coincide we get again a trivial architecture singular
design) there should be at least two different points on the platform namely, mi and m j.
Now name the corresponding base points Mi and M j. If these two are not coincided
then based on the first part of the proof it is possible to find another base point Mk not
co-linear with Mi, M j and hence the statement is fulfilled.
Now, suppose such a triangle with mi 6= m j doesn’t exist (see Fig. 4). Then for
4 MiMkMl and 4 M jMkMl we have mi = mk = ml and m j = mk = ml respectively,
which would yield mi = m j, a contradiction.
mi
m j
Mi = M j Ml
Mk
Figure 4: The red line represents the linear pentapod’s motion platform, while the green and black stand for
the triangle in the base and the legs, respectively.
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Based on this lemma one can assume M1 = (0,0,0), M2 = (x2,0,0) and M3 =
(x3,y3,0) where x2y3 6= 0. Moreover due to m1 6= m2 we can assume a scaling upon
which, r2 = 1 holds. Now the architecture matrix of Eq. (4) simplifies into the following:
A =

1 x2 0 0 x2 0 0
r3 x3 y3 0 r3x3 r3y3 0
r4 x4 y4 z4 r4x4 r4y4 r4z4
r5 x5 y5 z5 r5x5 r5y5 r5z5
 . (5)
With the aid of Lemma 2 and using projective geometry it is possible to obtain a simple
but helpful geometric interpretation for architecturally singular linear pentapods later
in the coming sections. In fact one can think of r, X and rX as points in the affine space
R3 and the remaining columns of Eq. (5) as points on the plane at infinity Ω∞, which
closes R3 projectively; i.e. the columns of Eq. (5) can be seen as homogenous point
coordinates of the 3-dimensional projective space PR3.
Lemma 3. The ”architecture matrix” is rank deficient iff the points r, X, Y, Z, rX, rY
and rZ are co-planar in PR3.
Proof. A bracket defined in Eq. (3) vanishes if and only if the four points in the bracket
are co-planar in PR3 [16]. Now, the architecture matrix (a 4×7 matrix) is rank deficient
whenever all 4×4 sub-matrices are of determinant zero. In another word the architecture
matrix is rank deficient iff any four members of the set {r,X,Y,Z, rX, rY, rZ} are co-
planar which happens if and only if these seven points are located on a common plane
in PR3.
Finally the computation of each case is based on the elimination of determinants
of unwanted sub-matrices of Eq. (1). These sub-matrices are named S j1,..., jni1,...,in where
i1, . . . , in indicates the numbers of the rows and j1, . . . , jn the numbers of the columns,
which have to be deleted from the matrix given in Eq. (1); e.g. S 4,5,61,2,3 stands for the
sub-matrix obtained by removing the 1st, 2nd and 3rd row and 4th, 5th and 6th column.
2. Linear in px, py and pz
In this section we determine all non-architectural singular designs, where the sin-
gularity polynomial det(S) = 0 is only linear in position variables. In the following
we distinguish between linear pentapods with/without coplanar base anchor points
(planar/non-planar case).
2.1. Planar case
Assume that the manipulator is planar (z4 = z5 = 0). Since the desired goal here is
to have the linear singularity polynomial in position variables, all the terms containing
position variables of degree two should be canceled. These terms form a polynomial,
which we call the undesired polynomial through the remainder of the article. In a more
general sense, the undesired polynomial is a polynomial which by subtracting it from
det(S) yields a polynomial with the desired property (this property can be linearity in
position/orientation variables or quadratic in total).
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Figure 5: Geometric interpretation of the conditions yielding a singularity polynomial, which is linear
in position variables for a linear pentapod with a planar base: architecturally singular case (left) and the
non-architecturally singular case (right).
Here the undesired polynomial is as follows:
det
(
S 7,41,2
)
p2z +det
(
S 5,41,2
)
px pz−det
(
S 6,41,2
)
py pz = 0. (6)
If Eq. (6) is fulfilled independently of the position variables then all the coefficients
have to be zero. Based on the resulting conditions one can prove the following theorem:
Theorem 1. A non-architecturally singular linear pentapod with a planar base can
only have a ”singularity polynomial”, which is linear in position variables, iff there is a
singular affine mapping κ from the base plane to the platform line ` with Mi 7→ mi for
i = 1, . . . ,5.
Proof. Using Laplace expansion by minors, det
(
S 7,41,2
)
is:
[r,X,Y, rX]v− [r,X,Y, rY]u = 0. (7)
For all possible orientations, Eq. (7) holds whenever both bracket coefficients vanish.
Again by considering the Laplace expansion by minors for det
(
S 5,41,2
)
and det
(
S 6,41,2
)
respectively, one obtains:
[r,X,Y, rY]w = [r,X,Y, rX]u = 0. (8)
As it is also desired to have these equations vanished for all possible orientations, the
bracket coefficients should be equal to zero simultaneously. Hence, independently of all
possible orientations, the following statement holds:
det
(
S 7,41,2
)
vanishes⇐⇒ det
(
S 5,41,2
)
and det
(
S 6,41,2
)
vanish. (9)
Finally, based on Eq. (9) the necessary and sufficient condition for having a singularity
polynomial linear in position variables will be:
[r,X,Y, rY] = [r,X,Y, rX] = 0. (10)
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Using the literature of bracket algebra available at [16, 17] these brackets vanish when-
ever the four points characterizing them are co-planar. We denote the planes associated
with the two brackets of Eq. (10)-left and Eq. (10)-right byP1 andP2, respectively.
Then the following two cases have to be distinguished:
1. If the points r, X and Y are not co-linear (or in another word if the vectors r, X and
Y are linearly independent) then the linear pentapod would be an architecturally
singular manipulator since geometrically, by Lemma 3 this is equal to having the
planesP1 andP2 coincided, as depicted in Fig. 5-left.
2. If the points r, X and Y are co-linear (or in another word if the vectors r, X and Y
are linearly dependent) then r ∈ span{X,Y}; i.e.
r = α.X+β .Y, (11)
where α and β are real numbers. This results the affine coupling κ mentioned in
Theorem 1, namely:
κ : (xi,yi) 7−→ ri = αxi+βyi with α = 1x2 and i = 2, . . . ,5. (12)
Geometrically, it is also worth mentioning that the planes P1 and P2 do not
necessarily coincide in this case (as depicted in Fig. 5-right).
Remark 2. Now this question arises that which designs possessing a singular affine
coupling κ : M1 7→ m1 are architecturally singular. According to the list given in [8,
Corollary 1] there are three possible types of ”architecturally singular manipulators”,
5 which will be as follows:
? m1, . . . ,m5 are pairwise distinct and there exists a conic section passing through
M1, . . . ,M5 and the ideal point of the parallel fibers of κ (cf. Section 4.3 of [18]). This
is for example trivially fulfilled if M1, . . . ,M4 are collinear.
? m1, . . . ,m4 are pairwise distinct, m4 = m5 holds and the base points M1,M2,M3 are
collinear.
? More than two platform points coincide. 
2.2. Non-planar case
If the base points of the linear pentapod are not restricted to be positioned on a plane,
the coordinates z4 and z5 can not vanish simultaneously. Making this assumption, the
undesired polynomial reads as follows:
det
(
S 5,21,2
)
px2+det
(
S 6,31,2
)
py2+det
(
S 7,41,2
)
pz2−
[
det
(
S 5,31,2
)
+det
(
S 6,21,2
)]
px py
+
[
det
(
S 5,41,2
)
+det
(
S 7,21,2
)]
px pz−
[
det
(
S 6,41,2
)
+det
(
S 7,31,2
)]
py pz = 0. (13)
5Up to renumbering of the platform and base anchor points.
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Again all sub-matrices appearing as the coefficients in Eq. (13) should become rank
deficient.
Theorem 2. Non-architecturally singular linear pentapods with a non-planar base
possessing a ”singularity polynomial”, which is linear in position variables, do not
exist.
Proof. Eq. (13), independently of the position variables, gives det
(
S 5,21,2
)
= det
(
S 6,31,2
)
=
0. Now, using Laplace expansion by minors for det
(
S 5,21,2
)
and det
(
S 6,31,2
)
one finds:
[r,Y,Z, rZ] = [r,Y,Z, rY] = 0, (14)
[r,X,Z, rZ] = [r,X,Z, rX] = 0. (15)
Now, it is possible to deduce the following:
1. From Eq. (14)-left:
rZ ∈ span{r,Y,Z}, (16)
as r, Y and Z are obviously linearly independent.
2. From Eq. (14)-right one derives:
rY ∈ span{r,Y,Z}. (17)
3. If we replace in Eq. (15)-left the expression rZ by the linear combination resulting
from Eq. (16) we get:
X ∈ span{r,Y,Z}. (18)
4. From Eq. (15)-right and Eq. (18) one finds:
rX ∈ span{r,Y,Z}. (19)
Now, using Eqs. (16–19), 4 out of 7 columns of the architecture matrix are linearly
dependent and thus rank deficient:
Rank(r,X,Y,Z,rX,rY,rZ)< 4. (20)
3. Linear in u, v and w
In this section we determine all non-architecturally singular designs where the
singularity polynomial det(S) = 0 is only linear in orientation variables. As in Section
2 we distinguish between linear pentapods with planar and non-planar bases.
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Figure 6: Geometric interpretation of the conditions yielding a singularity polynomial, which is linear in
orientation variables for a linear pentapod with a planar base: architecturally singular case (left) and the
non-architecturally singular case (right).
3.1. Planar case
Under the planar condition (z4 = z5 = 0) the undesired polynomial is:[
det
(
S 3,71,3
)
+det
(
S 4,61,3
)]
vw+
[
det
(
S 2,71,3
)
−det
(
S 4,51,3
)]
uw+
det
(
S 2,61,3
)
uv−det
(
S 4,71,3
)
w2 = 0. (21)
Theorem 3. A non-architecturally singular linear pentapod with a planar base can
only have a ”singularity polynomial”, which is linear in orientation variables, in the
following cases:
1. M2, M3, M4, M5 are collinear,
2. m1 = mi and M j, Mk, Ml are collinear with pairwise distinct i, j,k, l ∈ {2,3,4,5},
3. m1 = mi = m j with pairwise distinct i, j ∈ {2,3,4,5}.
Proof. Eq. (21), independently of the orientations variables, gives det
(
S 4,71,3
)
= 0. By
resorting to the literature of brackets, det
(
S 4,71,3
)
= 0 if and only if the following holds:
[r,Y, rX, rY] = [r,X, rX, rY] = 0. (22)
Now, name the plane characterized by the points r, rX and rY asP1. If the points r, rX
and rY are not co-linear then the planeP1 is defined uniquely and hence by Eq. (22) X
and Y are also onP1 which by Lemma 3 results in a rank deficiency of the architecture
matrix (cf. Fig. 6-left).
On the other hand if the points r, rX and rY are co-linear then there is the possibility
of having the points X and Y on two different planes, namelyP1 andP2 as depicted
11
Figure 7: Three possible designs mentioned in Theorem 3. Note that in the middle figure three base points
are co-linear while in the right figure four base points are located on a line. The co-linear base points are
indicated by red beams.
in Fig. 6-right, which does not necessarily lead to an architectural singularity. Under
this assumption, we get r ∈ span{rX,rY}; i.e.
r = α.rX+β .rY, (23)
where α and β are real numbers with (α,β ) 6= (0,0). Now having Eq. (23) in mind, the
following possibilities arise (cf. Fig. 7):
1. ∀ i ∈ {2, ...,5},ri 6= 0. This yields:
1 = α.X+β .Y. (24)
Geometrically in this case, the point 1 = (1,1,1,1) should always be on the line
l defined by the two points X and Y. Moreover Eq. (24) gives:{ x2 = 1α
αxi+βyi = 1 for i> 2,
which means the base points M2, M3, M4, M5, are collinear.
2. ∃! i ∈ {3,4,5} such that ri = 0. Geometrically this means that one of the points
(1,0,1,1)T ,(1,1,0,1)T or (1,1,1,0)T should be on l. Naturally this yields m1 =
mi and M j and Mk are collinear with pairwise distinct i, j,k ∈ {3,4,5}.
3. ∃ i and j ∈ {3,4,5}, where i 6= j such that ri = r j = 0. Geometrically this means
that only one of the points (1,0,0,1)T ,(1,0,0,1)T or (1,0,1,0)T can be on l
which yields m1 = mi = m j with pairwise distinct i, j ∈ {3,4,5}.
Remark 3. Note that it is impossible to have the point (1,0,0,0)T on the line l, since
this would mean that the four platform anchor points should be coincided, which yields
an ”architecturally singular manipulator”. For the additional conditions on the designs
1–3 of Theorem 3 rendering the manipulator architecture singular we refer to the list
given in [8, Corollary 1]. 
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3.2. Non-planar case
Based on the desired non-planarity condition (z4 6= 0 or z5 6= 0) and linearity in
orientation variables the undesired polynomial is as follows:
det
(
S 2,51,3
)
u2+det
(
S 3,61,3
)
v2+det
(
S 4,71,3
)
w2−
[
det
(
S 3,71,3
)
+det
(
S 4,61,3
)]
vw
−
[
det
(
S 2,61,3
)
+det
(
S 3,51,3
)]
uv+
[
det
(
S 2,71,3
)
+det
(
S 4,51,3
)]
uw = 0. (25)
Theorem 4. Non-architecturally singular linear pentapods with a non-planar base
possessing a singularity polynomial, which is linear in orientation variables, do not
exist.
Proof. Eq. (25), independently of orientation variables, gives det
(
S 2,51,3
)
= det
(
S 3,61,3
)
=
det
(
S 4,71,3
)
= 0. By using Laplace expansion by minors for det
(
S 2,51,3
)
, det
(
S 3,61,3
)
and
det
(
S 4,71,3
)
one finds:
[r,Y, rY, rZ] = [r,Y, rX, rY] = 0, (26)
[r,Z, rX, rZ] = [r,X, rX, rZ] = 0. (27)
Now from Eq. (26) and Eq. (27) the following is argued:
1. From Eq. (26)-left:
rY ∈ span{r,Y,rZ}. (28)
2. From Eq. (26)-right and Eq. (28):
rX ∈ span{r,Y,rZ}. (29)
3. From Eq. (27)-left and Eq. (29):
Z ∈ span{r,Y,rZ}. (30)
4. From Eq. (27)-right and Eq. (29):
X ∈ span{r,Y,rZ}. (31)
Now, considering Eqs. (28–31) one would obtain
Rank(r,X,Y,Z,rX,rY,rZ)< 4. (32)
which implies an architecturally singular manipulator.
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4. Quadratic
In this section we study linear pentapods where the singularity polynomial is only
quadratic in total. Unfortunately we are only able to report the following negative result:
Theorem 5. Non-architecturally singular linear pentapods possessing a singularity
polynomial, which is quadratic in pose variables, do not exist.
Proof. We can separate the proof into two parts: planar case and non-planar case.
The undesired polynomial in the planar case (z4 = z5 = 0) of quadratic singularity
polynomial is:[
det
(
S 7,4,51,2,3
)
pz2−det
(
S 2,4,71,2,3
)
wpz
]
u+
[
det
(
S 3,4,71,2,3
)
wpz−det
(
S 7,4,61,2,3
)
pz2
]
v +
[
det
(
S 4,2,71,2,3
)
px−det
(
S 4,3,71,2,3
)
py
]
w2+
[
det
(
S 6,4,71,2,3
)
py pz−det
(
S 5,4,71,2,3
)
px pz
]
w= 0.
(33)
It would be noteworthy that the above polynomial is in fact det
(
S 11
)
. In another word
the cubic part of the singularity polynomial is encoded in this sub-matrix. Eq. (33)
implies det
(
S 2,4,71,2,3
)
= det
(
S 3,4,71,2,3
)
= det
(
S 6,4,71,2,3
)
= det
(
S 5,4,71,2,3
)
= 0, which upon
transforming into brackets will give:
[r,Y, rX, rY] = [r,X, rX, rY] = 0, (34)
[r,X,Y, rY] = [r,X,Y, rX] = 0. (35)
By resorting to the geometrical interpretation of brackets, Eqs. (34, 35) show that the
points X and Y are on a plane characterized by the points r, rX and rY which results in
an architectural singularity.
Under the non-planar condition (z4 6= 0 or z5 6= 0) the undesired polynomial is as
follows:([
det
(
S 2,3,51,2,3
)
u+det
(
S 2,3,61,2,3
)
v−det
(
S 2,3,71,2,3
)
w
]
py+
[
det
(
S 2,4,51,2,3
)
u−det
(
S 2,4,61,2,3
)
v
+det
(
S 2,4,71,2,3
)
w
]
pz
)
u+
(
−
[
det
(
S 3,2,51,2,3
)
u−det
(
S 3,2,61,2,3
)
v+det
(
S 3,2,71,2,3
)
w
]
px
+
[
det
(
S 3,4,51,2,3
)
u−det
(
S 3,4,61,2,3
)
v+det
(
S 3,4,71,2,3
)
w
]
pz
)
v+
([
det
(
S 4,2,51,2,3
)
u
+det
(
S 4,2,61,2,3
)
v−det
(
S 4,2,71,2,3
)
w
]
px+
[
det
(
S 4,3,51,2,3
)
u−det
(
S 4,3,61,2,3
)
v+
det
(
S 4,3,71,2,3
)
w
]
py
)
w+
([
det
(
S 5,2,61,2,3
)
v−det
(
S 5,2,71,2,3
)
w
]
px+
[
−det
(
S 5,3,61,2,3
)
v
+det
(
S 5,3,71,2,3
)
w
]
py+
[
det
(
S 5,4,61,2,3
)
v−det
(
S 5,4,71,2,3
)
w
]
pz
)
px−
([
det
(
S 6,2,51,2,3
)
u
−det
(
S 6,2,71,2,3
)
w
]
px+
[
−det
(
S 6,3,51,2,3
)
u+det
(
S 6,3,71,2,3
)
w
]
py+
[
det
(
S 6,4,51,2,3
)
u
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Figure 8: Left: For fixed orientation the unique pedal point has coordinates ( 6133 ,
38
33 ,
92
33 ) ∈ R3 which has
a distance of 1.21854359 units from the given position. Right: For fixed position the four pedal points are
illustrated, where the one with coordinates (0.12661404,0.81506780,0.56536126) ∈ R3 is closest to the
given orientation. The corresponding spherical distance equals 15.75049156◦.
−det
(
S 6,4,71,2,3
)
w
]
pz
)
py+
([
det
(
S 7,2,51,2,3
)
u−det
(
S 7,2,61,2,3
)
v
]
px+
[
−det
(
S 7,3,51,2,3
)
u
+det
(
S 7,3,61,2,3
)
v
]
py+
[
det
(
S 7,4,51,2,3
)
u−det
(
S 7,4,61,2,3
)
v
]
pz
)
pz = 0. (36)
Note that the above polynomial is again det
(
S 11
)
of Eq. (1). Eq. (36), for all pose
variables, gives det
(
S 6,2,51,2,3
)
= det
(
S 6,3,51,2,3
)
= det
(
S 7,2,51,2,3
)
= det
(
S 6,3,61,2,3
)
= 0, which
once again upon transforming into brackets will be as follows:
[r,Y,Z, rZ] = [r,X,Z, rZ] = 0, (37)
[r,Y,Z, rY] = [r,X,Z, rX] = 0. (38)
Again by resorting to Lemma 3, Eq. (37) and Eq. (38) we obtain X,rX,rY,rZ ∈
{r,Y,Z}, which naturally leads to an architectural singularity.
5. Distance to singularity variety
In this section we compute singularity-free zones for linear pentapods with a simple
singularity variety studied in Section 2.1 and Section 3.1 respectively. We assume that
the manipulator is always given in a non-singular pose G= (g1, . . . ,g6) ∈ R6.
5.1. Linear in position variables
The architecture matrix of the linear pentapod used in the following examples is:
A =

1 −1/2 0 0 −1/2 0 0
2 1 2 0 2 4 0
4 −3 −1 0 −12 −4 0
6 −1 2 0 −6 12 0
 , (39)
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Figure 9: Illustration of the pose G (green) of the linear pentapod studied in Section 5.1. Left: The closest
singular configurations in the position/orientation workspace are given by the pose P (yellow) and O (blue),
respectively. Right: M (red) is the closest singular pose under Euclidean motions of ` andN (yellow) is the
closest singularity under equiform motions of `.
where α = −2 and β = 2 in Eq. (11). Moreover we consider the non-singular pose
G= ( 13 ,
2
3 ,
2
3 ,1,2,3).
5.1.1. Fixed orientation case
We ask for the closest singular configurationO having the same orientation (g1,g2,g3)
as the given pose G. The distance to the singularity pose with respect to (g4,g5,g6)
is computed according to the ordinary Euclidean metric. The singularity polynomial
is linear in position variables and under fixed orientation condition it will be a plane
passing through the origin in position space R3. Naturally, there will be only one pedal
point (cf. Fig. 8-left) and hence the number of solutions in this case will only be one.
Moreover O= ( 13 ,
2
3 ,
2
3 ,
61
33 ,
38
33 ,
92
33 ) is illustrated in Fig. 9-left.
5.1.2. Fixed position case
Now we ask for the closest singular configuration P, which has the same position
(g4,g5,g6) as the given pose G. In this case the distance to the singularity curve with
respect to (g1,g2,g3) is computed according to the Riemannian distance s on the sphere.
Under the fixed position the singularity polynomial factors into two planes in R3:
w(A1u+A2v+A3w+A4) = 0, (40)
where the design variables are encoded in the coefficients Ai.
As a consequence the singular orientations are obtained as the intersection of these
two planes with the unit-sphere, which is given by the normalizing condition Γ. One of
these planes always passes through the center of the sphere and hence the intersection is
a great circle. For the second plane different cases can occur:
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(a) A24 < A
2
1+A
2
2+A
2
3: the plane intersects the sphere.
(b) A24 = A
2
1+A
2
2+A
2
3: the plane is tangent to the sphere.
(c) A24 > A
2
1+A
2
2+A
2
3: the plane doesn’t intersect the sphere.
Depending on the case the total number of pedal points equals (a) 4, (b) 3 and (c) 2,
respectively. In the example at hand there exist 4 pedal points, which are illustrated in
Fig. 8-right and are listed in Table 1. Moreover P= (0.1266,0.815,0.5653,1,2,3) is
illustrated in Fig. 9-left.
Remark 4. It should be noted that if the given non-singular orientation is normal to
one of the planes intersecting the unit-sphere, then there exists an infinite number of
pedal points. 
u v w s
1 0.12661404 0.81506780 0.56536126 15.75049156◦
2 0.44721359 0.89442719 0 41.83152170◦
3 -0.44721359 -0.89442719 0 138.25977700◦
4 -0.60029825 -0.34138359 -0.72325600 155.56475890◦
Table 1: The 4 real solutions in ascending order with respect to the spherical distance s to the given orientation.
5.1.3. General case
The general case deals with mixed (translational and rotational) DOFs, thus the
question of a suitable distance function arises. As the configuration space C equals the
space of oriented line-elements, we can adopt the object dependent metrics discussed in
[19] as follows:
d(L,L
′
)2 :=
1
5
5
∑
j=1
‖m j−m′j‖
2
, (41)
where L and L
′
are two configurations and m j and m
′
j denote the coordinate vectors of
the corresponding platform anchor points. This metric has already been used in [6] for
the mechanical device at hand.
With respect to this metric d we can compute the closest singular configurationM to
G in the following way: We determine the set of pedal-points on the singularity variety
with respect to G as the variety V ( ∂L∂u ,
∂L
∂v ,
∂L
∂w ,
∂L
∂ px ,
∂L
∂ py ,
∂L
∂ pz ,
∂L
∂λ1
, ∂L∂λ2
) where λ1 and λ2
are the Lagrange multipliers of the Lagrange equation:
L(u,v,w, px, py, pz,λ1,λ2) := d(M,G)2+λ1(u2+ v2+w2−1)+λ2F. (42)
Note that here F is the singularity polynomial linear in position variables, obtained
from Theorem 1. Considering the example of the design parameters indicated in Eq.
(39), there are 10 solutions out of which 6 are real6.
After solving { ∂L∂ px , ∂L∂ py , ∂L∂ pz } for {px, py, pz} and substituting the values obtained
into the rest of the equations of the system, we can use the Gro¨bner basis method to
6It is unknown if examples with 10 real solutions can exist.
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solve the new system for the remaining variables. Using the order w> v> u> λ2 > λ1
one of the Gro¨bner basis generators solely depends on λ1 while the rest depend on λ1
and another orientation variable or λ2, respectively. Based on this elimination technique
the following table is obtained:
u v w λ1 λ2 d
1 0.19954344 0.75426388 0.62551450 0.22471412 0.00242829 0.37163905
2 0.44721359 0.89442721 0.00000000 -1.18154819 0.15475648 1.53723662
3 -0.44720571 -0.89444123 0.00001503 -8.09845180 0.00888318 4.02454431
4 -0.72878205 -0.23306556 -0.64396839 -9.46430882 0.00812550 4.13597163
5 0.50116745 0.86532314 0.00686193 -1.24444052 63.53263267 4.98948239
6 -0.44100968 -0.89750916 -0.00554456 -8.10658006 -11.11676392 6.20308215
Table 2: The 6 real solutions in ascending order with respect to the distance d from G. The corresponding
values of missing variables px, py, pz are obtained by substituting u,v,w,λ1,λ2 into the expressions for
px, py, pz.
The first row in Table 2 corresponds to the global minimizer M illustrated in
Fig. 9-right, which has position variables px = 1.42386285, py = 1.69623807 and
pz = 3.11364494.
5.1.4. General case without normalizing condition
We can simplify the problem by considering equiform transformations of the linear
platform `, which is equivalent to the cancellation of the normalizing condition Γ. It
turns out that for this reduced set of equations only 3 pedal points exit over C.
For the example under consideration the computations can be done in the same way
as in Section 5.1.4 with the sole difference that λ1 is now absent. We end up with the
following table:
u v w λ2 d µ
1 0.22077150 0.77922849 0.65664594 0.00209764 0.35854952 1.04265095
2 0.33333333 0.66666666 0 0.04901408 1.43604394 0.74535599
3 0.36256185 0.63743814 0.01002046 26.26334956 4.95602764 0.73340227
Table 3: The 3 real solutions in ascending order with respect to the distance d from G. The scaling factor of
the corresponding equiform displacement of the platform is given by µ . The corresponding values of missing
variables px, py, pz are obtained by substituting u,v,w,λ2 into the expressions for px, py, pz.
The first row in Table 3 corresponds to the global minimizer N illustrated in Fig.
9-right, which has position variables px = 1.36501824, py = 1.63498176 and pz =
3.03249538.
5.2. Linear in orientation variables
The architecture matrix of the linear pentapod used in the following examples is:
A =

1 1 0 0 1 0 0
3 −1/2 3/2 0 −3/2 9/2 0
5 −3 4 0 −15 20 0
6 −1 2 0 −6 12 0
 , (43)
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Figure 10: Left: For fixed orientation there exits for each of the two planes a unique pedal point. One pedal
point has coordinates (−8/17,9/17,12/17) and a distance of 4.80196038 units to the given position and the
other pedal point has coordinates (2,3,0) and a distance of 4 units. Right: For fixed position the two pedal
points are illustrated, where the one with coordinate (0.11346545,0.47007115,0.87530491) is closest to the
given orientation. The corresponding spherical distance s equals 20.82450533◦. The second pedal point is
antipodal to the first one and the distance s is the supplementary angle.
where α = β = 1 in Eq. (23). Moreover we consider the non-singular pose G =
( 13 ,
2
3 ,
2
3 ,1,2,3).
5.2.1. Fixed orientation case
Once again we ask for the closest singular configuration O having the same orienta-
tion (g1,g2,g3) as the given pose G. The distance to the singularity pose with respect
to (g4,g5,g6) is computed according to the ordinary Euclidean metric. Under fixed
orientation condition it is revealed that the singularity polynomial is factored to:
pz(B1 px+B2 py+B3 pz+B4) = 0, (44)
where again the design information is encoded in coefficients Bi. For each of the two
planes in position space R3 we can compute the pedal point with respect to the given
pose (cf. Fig. 10-left). The closer pedal point implies O= ( 13 ,
2
3 ,
2
3 ,2,3,0) illustrated in
Fig. 11-left.
5.2.2. Fixed position case
Now we ask again for the closest singular configuration P, which has the same
position (g4,g5,g6) as the given pose G. As the singularity polynomial is linear in
orientation variables and does not possess an absolute term, the singularity loci is a
great circle for the fixed position case. If the given orientation differs from the pole of
the great circle, then there exist two pedal points (otherwise infinitely many).
The results for the example at hand are illustrated in Fig. 10-right and the pose
P= (0.11346545,0.47007115,0.87530491,1,2,3) is displayed in Fig. 11-left.
5.2.3. General Case
Similar computations as in Section 5.1.3 show that there are again 10 solutions out
of which 6 are real. They are given in the following table:
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Figure 11: Illustration of the pose G (green) of the linear pentapod studied in Section 5.2. Left: The closest
singular configurations in the position/orientation workspace are given by the pose P (yellow) and O (blue),
respectively. Right: M (red) is the closest singular pose under Euclidean motions of ` andN (yellow) is the
closest singularity under equiform motions of `.
u v w λ1 λ2 d
1 0.24002202 0.57831003 0.77970951 -0.07616071 0.00198708 0.41484860
2 0.16067752 0.32134537 0.93924532 5.58789193 -0.03317073 2.44661840
3 -0.20843306 -0.55064498 -0.80863487 -10.27182281 0.00088059 4.53615852
4 -0.35275218 0.88481355 -0.34421986 -3.79940039 0.38394736 6.70384275
5 -0.02624291 -0.92437183 0.38072309 -7.13002767 0.19314992 7.16835476
6 -0.06268654 -0.12537309 -0.99012725 -32.85080126 0.07233642 9.04867032
Table 4: The 6 real solutions in ascending order with respect to the distance d from G.
The first row in Table 4 corresponds to the global minimizer M illustrated in
Fig. 11-right, which has position variables px = 1.35978906, py = 2.34492506 and
pz = 2.57706069.
5.2.4. General case without normalizing condition
Similar computations as in Section 5.1.4 show again that the number of solution
reduces to three. For the example at hand all three are real and read as follows:
u v w λ2 d µ
1 0.23632218 0.56965551 0.76841946 0.00196374 0.41349741 0.98530404
2 0.33333333 0.66666666 1.30046948 -0.02111913 1.81542685 1.49892509
3 -0.06965551 0.26367781 -0.10175277 3.26647730 6.49924087 0.29108677
Table 5: The 3 real solutions in ascending order with respect to the distance d from G.
The first row in Table 5 corresponds to the global minimizer N illustrated in Fig.
11-right, which has position variables px = 1.36986410, py = 2.36986410 and pz =
2.61205791.
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Remark 5. Through the numerical examples one observes that the same number of
pedal points is obtained for the other two geometries listed in Theorem 3 for the
computation of the closest singular pose under Euclidean motions of ` and equiform
motions of `, respectively. 
6. Conclusions
In this paper we computed linear pentapods with a simplified singularity variety.
In detail we determined all non-architecturally singular designs where the singularity
polynomial is
• linear in position variables (cf. Section 2),
• linear in orientation variables (cf. Section 3),
• quadratic in total (cf. Section 4).
We demonstrated in Section 5 that these designs imply a degree reduction of the polyno-
mials associated with the problem of determining singularity-free zones. Especially the
closest singular configurations under equiform motions (cf. Sections 5.1.4 and 5.2.4)
are of interest, as they can be computed in closed form. Therefore their deeper study is
dedicated to future research.
Finally we conclude the paper by presenting three kinematic redundant designs of
linear pentapods with a simple singularity variety. The designs proposed in Sections 6.1
and 6.2 have two dofs of kinematically redundancy and the design given in Section 6.3
has even three kinematic redundant dofs.
6.1. Design 1
This design, displayed in Fig. 12, is based on the idea to change the coefficient β
of the affine coupling κ given in Eq. (12) by a reconfiguration of the base. This can
be achieved by a suitable sliding of the base points. The fibers of the singular affine
transformation κ from the base plane to the platform correspond to parallel lines in the
base plane. It is well known (cf. Section 4.3 of [18]) that a reconfiguration of a base
point along its corresponding fiber does not change the singularity variety. Therefore it
suggests itself to mount the sliders orthogonal to the fiber-direction. This sliding gives
the first degree of kinematical redundancy.
Remark 6. The linear pentapod given in Fig. 12 has been designed in a symmetric way,
such that the sliders of Mi and Mi+1 (for i = 2,4) have to move with the same velocity
(but in opposite directions). Note that one can drive all sliders of M2, . . . ,M5 with only
one motor and a fixed gearing, as the ratio of the velocities of the sliders of M2 and M4
is constant.
Moreover it can easily be checked, that the symmetric design proposed in Fig. 12,
can never be architecturally singular in practice. 
The second degree of kinematic redundancy is achieved by the sliding of the first
base point in fiber-direction. As already mentioned this will not affect the singularity
surface, but it can be used to increase the performance of the manipulator during an
end-effector motion.
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Figure 12: Illustration of the kinematic redundant linear pentapod of Section 6.1 with a linear singularity
variety in position variables.
6.2. Design 2
This design, based on item 1 of Theorem 3 and displayed in Fig. 13, is also a 2-dof
kinematically redundant pentapod with planar base, which has the property that its
singular polynomial is linear in orientation for all possible configurations. The base
points M2, . . . ,M5 are collinearly mounted on a rod g, which slides (active joint) along
a circular rail on the ground and is connected over a U-joint (passive joint) with the
ceiling. Therefore the rod g generates during the motion a right circular cone.
For a better understanding of the redundant dofs, we have a look at the singular-
invariant replacement of legs keeping the given platform anchor points:
? As this linear pentapod contains a line-line component (cf.[20]), one can relocate
the base anchor points of the legs m2M2, . . . ,m5M5 arbitrarily on g (assumed that the
resulting manipulator is not architecturally singular).
Remark 7. One can additionally allow a sliding (by active joints) of the base points
along the rod g (yielding further degrees of kinematical redundancy) but this will not
change the singularity variety. These reconfigurations can only be used to improve
the performance of the manipulator. 
? The base point of the first leg can be replaced by any point of the plane spanned
by M1 and g (assumed that the resulting manipulator is not architecturally singular).
Therefore a sliding of M1 along the circular rail changes the singularity variety.
6.3. Design 3
This design, based on item 2 of Theorem 3 and displayed in Fig. 14, is a 3-dof
kinematically redundant pentapod with planar base, which has the property that its
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Figure 13: Illustration of the kinematic redundant linear pentapod of Section 6.2 with a linear singularity
variety in orientation variables. The suggested design, where the upper part is mounted on the ceiling, can be
of interest for e.g. the milling of an object without any need of its repositioning, as the manipulator can go
around the object by 360 degrees.
singular polynomial is linear in orientation for all possible configurations. The anchor
points M1 and M2 can slide along a circular rail (two active joints). The third degree of
kinematic redundancy is obtained by the rotation of the rod g on which the collinear
points M3,M4,M5 are mounted.
For a better understanding of the redundant dofs, we study again the singular-
invariant replacements of legs keeping the given platform anchor points:
? One can relocate the base anchor points of the legs m3M3,m4M4,m5M5 arbitrarily on
g (assumed that the resulting manipulator is not architecturally singular). Therefore
also Remark 7 holds in this context.
? The base points of the first and second leg can be replaced by any two points of
the carrier plane of the circular rail (assumed that the resulting manipulator is not
architecturally singular). As a consequence the sliding of M1 and M2 along the
circular rail does not change the singularity variety. Therefore these two redundant
dofs can only be used to improve the performance of the manipulator.
Remark 8. Finally it should be noted that a design, based on item 3 of Theorem 3, is
not suited for technical realization due to the triple joint at the platform. 
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g
Figure 14: Illustration of the kinematic redundant linear pentapod of Section 6.3 with a linear singularity
variety in orientation variables. This design also allows a milling by 360 degrees around the object. Moreover,
detailed views of the double joint m1 = m2 at the platform and the circular slider of M2 are provided.
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